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1 a INTRODUCTION 
In R2 consider the elliptical curve 
E: x2/u + yy = 1, a>6>0. (1.1) 
Let G(E) be the group of symmetries of E. G(E) is generated by the reflections 
in the coordinate axes and is isomorphic to 2, @ 2, . Let X be the elliptical 
region bounded by E and Iet K be a smooth function on 3X = E which is G(E)- 
invariant, Let A be the Laplace operator on X and let 
be the spectrum of the self adjoint boundary problem 
Au = Xu, &@I = Ku on ax. 
The main result of this paper is: 
THEOREM. From the spectrum (I .2) om can recover K. 
The idea of the proof is as follows. Let Y = 8X x (0, W) and let 
B:Y-+Y 
be the “billiard ball map”. (See Section 2.) It is well-known that there is a 
sympIectic form on Y which is E-invariant, and it turns out that there is also a 
non-constant function on Y which is B-invariant; so it follows from standard 
facts about integrable dynamical systems that the orbits of B lie on circles, and 
on each circle B is conjugate to a rotation. Using resuks from [6J we are able 
to show that the integral over each of these invariant circles of the function 
K/sin 8, o<e<r, (1.3) 
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can be read off from the local asymptotics of the sum 
the sum taken over the sequence (1.2). It is not hard to write down these integrals 
explicitly, and it is easy to show that they completely determine the function K 
providing K is G(E) invariant. 
We are grateful to Jiirgen Moser for showing us how to integrate the ellipticai 
billiard table system. 
2. THE ELLIPTICAL BILLIARD TABLE 
Let X be any smooth, compact, strictly convex region in [w” containing the 
origin. Let 
B: 8-Y x (0,~) + 8X ‘r: (0, T) (3.1) 
be defined as foUows. Given x’ E i;X and 0 an angle between 0 and P, let E be the 
line through x making an angle B with the tangent to 8,~ at x (oriented in the 
counterclockwise sense). Then B(x, 8) == (x’, 8’) where CC’ is the other point of 
intersection of 1 with 8X and 8’ is the reflected angle at x’. (See Fig. 1.) We will 
call B the billiard 6aZ1 map. Now consider the parametrization of ax: 
S’ - ax, s + x(s) 
FIGURE 1 
where x(s) is the point of intersection of 8X with the ray through the origin 
making angle s with the x-axis. (See Fig. 2.) Let 5 be the length of the segment of 
8X subtended by S. In [2] the following is proved: 
PROPOSITION 2.1. B leaves fixed the two-form 
sin 0 d6’ A di : sin R d0 A h(s) ds, h(s) = dq’ds. (2.2) 
130 GUILLEMIN AND MELROSE 
Proof, See pp. 173-176 of [2]. 
Now suppose that 8X is the ellipse: 
E: A-+ +y2/b = 1, a>b>O, (2.3) 
with foci at &G/s where f - o - b. Consider the confocal ellipse 
E,: x”/(c + 2) + pp = 1, O<.Z<b. (2.41 
To integrate the elliptical billiard table map we will use the following classical 
result. 
PROPOSITION 2.2. Let p be a point on E and let 1 and I’ be the two Enes from p 
wvhtih are tangent to E, . Then 1 and 1’ make equal angles with the no~rnaI to E 
atp. (seeFig. 3). 
Fwum 3 
Remark. The theorem is also true for -•c < 2 < 0; however, in this case Ez 
is a hyperbola rather than an ellipse. (See Figure 4.) 
L’ 
FIGURE 4 
-6<Z<O 
For the sake of completeness we will give a proof of Proposition 2.2 in the 
Appendix. An immediate corollary is: 
PROPOSITION 2.3. Let (x, 0) t E x (0, ) v  and let 1 be the line through x making 
angle 8 with the counterclockwise tangent to E at x. Let E, be the unique confocal 
ellipse (or hyperboia) tangent to t. Then Z = 2(x, Q) is a B-invariant function on 
as x (0, 37). 
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We wiI1 now compute 2 explicitly. Let 8.X be parametrized as in Figure 2. 
We will prove 
PROPOSITION 2.4. Let 
M(s) = (u + 6)/2 - alJ/(a + b - E cos 2s). 
Thm 
qs, 8) - b = M(S)(COS 28 - 1). (2.6) 
Proof. First of all we prove the: 
LEMMA 2.5. Let I: ax + /3y + y  = 0, 012 + i3” = I, be u line tangent to 
Ez . Then 
Z= y" - E62. (2.7) 
PYOO~. If 1 is tangent to E, at (x, y), then the normal to Ez at (x, y) equals the 
normal to I; so 
(.G$ + q, A-q = 4% 8) 
for some number r. Thus x = ror(f + 2) and y  = $2. Since (II’, y) lies on I we 
have 
-y :2 Y2(E -j- 2) + YB”Z = r(Z + EC?); 
and since (x, y) lies on E, we have 
(2.8) 
Substituting (2.8) in (2.9) and solving for Z we get (2.7). &.n. 
Let Y(S) be the distance from the point X(S) on E to the origin and ict p(s) 
be the angle that the unit normal at x(s) makes with the r-axis. We will prove: 
-w, 0) = y(s)2 cos2(B + p(s) - s) - E cosy + v(s)). (3.10) 
Proof. Let I he the line through X(S) making angle 0 with the counter- 
clockwise tangent to E at X(X). Then the normals to 1 and E at x intersect in an 
angle 0; so the normal to 1 makes angle F(S) f- 8 with the &y-axis. Thus oi, in (2.7), 
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is equal to cos(8 + F(S)). (See Fig. 5.) Since y is the distance from 1 to the origin 
it is equal to Y(S) cos(8 + r,+) - s) by Figure 6. 
Q.E.D. 
FIGURE 6 
Using the half-angle formulae we can rewrite (2.10) in the slightly more 
convenient form 
22 -; f = Y(S)2 cos 2(8 + v(s) - s) - 6 cos 2(0 + v(s)) + r(s)2 
= Re @@H(s) + Ye 
where 
(2.11) 
Let N(s) = A(s) eipts) with A, p real. We will prove 
LEMMA 2.6. p = 0 and A(s) = a + b - ~(3)~. 
Proof Let B(s) = Y(s}~, Since T(S) is the distance from the point (r(s) cos s, 
Y(S) sin s) on E to the origin one easily deduces: 
B(s) = 
2ab 
a + 6 - E cos 2s . 
(2.12) 
From (2.11)’ one gets 
A(s)* = B(S)* - 2cB(s) cos 2s + G. (2.13) 
Substituting (2.12) into (2.13) one gets, after a short calculation, 
A(s) = 
c-2 + b” - E(U + b) cos 2s 
a + b - E cos 2s 
= a + b - B(s). 
Now from (2.11) one has 
22 + E = A(s) cos(28 + p(s)) + B(s). 
(2.14) 
(2.15) 
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However, by definition of 2, Z = 6 when 19 = 0; so if we set 
we get 
26 + c = a + b = A(s) cos &) + B(s). 
Comparing (2.14) and (2.16) we conclude p(s) = 0. 
Combining (2.14) and (2.11) we get 
22 + c --; A(s) cos 28 + B(s) 
1 A(s)(cos 28 - 1) + a + 6 
or, since E = a - b, 
2(Z - 6) = A(s)(cos 20 - 1). 
This proves Proposition 2.4. 
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0 in (2.15) 
(2.16) 
Q.E.D. 
Remark. It is easy to argue backwards and conclude Proposition 2.2 from 
Proposition 2.4. For Proposition 2.4 says that Z is unchanged if we map 0 to 
-8 and leave s fixed. This says that the two lines 1 and I’ containing a point p 
of E and tangent to a confocal ellipse E, make the same angle with the normal 
to E at p. We will give an alternative proof of Proposition 2.2 in the Appendix 
which is more geometric in spirit. 
The orbits of B lie on the Ievel curves Z = constant, Moreover each non- 
critical level curve possesses a B-invariant one-form, the Leray form, defined by 
liz = i*u (2.17) 
where i is incIusion into 8X x (0, 7) and dZ A u is the form (2.2). Therefore B 
restricted to each non-critical level curve is conjugate to a rotation. We have 
attempted in the figure below to give a rough sketch of the level curves of 2. 
We have represented 8X x (0, ) m as a punctured disk of radius x with B as radial 
variable and s as angle variable. The points A, A’, B and B’ are the critical 
points of Z. (See Fig. 7.) 
The critical points A, A’, B, B’ lie on the circle 8 = 7~12 at the angles s = T, 
0, 7rj2 and 3~12 respectively. All four critica points are non-degenerate. At the 
points B and B’, Z = -E; and these points are strict minima. At the points A 
and A’, 2 = 0 and these points are saddles. The maximum value of Z is taken 
on the boundary, namely at the origin and at 0 = r, and here 2 E b. The whole 
diagram is symmetric with respect to the reflection B - m - 0. If we excise 
the two critical level curves passing through A and A’, what is left is a region 
consisting of four components: two annuli and two disks. The points lying in the 
two annuli we will call e&pbic points. They correspond to orbits of B of the type 
depicted in Figure 3. The points lying in the two disks we wiI1 call ILyjerbolic 
points. They correspond to orbits of B of the type depicted in Figure 4. The 
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FIGURE 7 
points B and 3’ correspond to the minimal orbit of B, the orbit lying along the 
minor axis of the ellipse, and the points A and A’ correspond to the orbit of B 
lying along the major axis of the ellipse. Note finally that each 2 = constant 
curve consists of two components, and these are interchanged by 0 -+ x - 8. 
As we noted above, the restriction of B to each level curve (with the exception 
of the two critical level curves) is conjugate to a rotation. Let T(Z) be the period 
of this rotation. We will prove 
PROPOSITION 2.7. T(Z) is a smooth strictly monotone function of 2 on each 
of the non-critical intervals --E < 2 < 0 and 0 < Z < b. 
Proof. Let f(s) ds be the Leray form on the level curve Z = constant. 
BY (2.2) 
so 
dZ A f(s) ds = sin 19 de A h(s) ds 
f(5) = sin e(azjae)-lb(o). 
By formula (2.6) 
aZjl% = M(s)(-2 sin 28) 
s -2(&P - M2 cos2 28)1J2 
= -2(M2 - (Z - b + M)z)*/B 
= -2(b - Z)y2M - (b - Z))lP 
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so we get finally the formuIa 
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UI = f(s) ds = i 1 h(s) ds 
where the factor in parentheses is constant. Thus, up to a constant, the Leroy 
form is just 
sin B(S) h(s) ds 
(2M(s) - (b - Z))‘/2 
(2.18) 
on the Z = constant level curve. We can simplify this expression comewhat 
further. By (2.6) 
cos 26 = I - 2 sin2 B = 
X-h 
x3---f1 
so 
Thus, up to alconstant, the Leray form is equal to 
h(s) ds/(M(s)(2M(s) - 6 + z)}lla f2.19) 
where M(s) is given by (2.5). Y 2 ow let [s, 0) be any point on the 2 = constant 
level curve and Iet (s’, 8’) = B(s, 0). Then T(Z) is given by 
I 
8’ h(s) ds iJ 
277 h(s) ds 
p (M(s)(ZAqs) ~ b + qy 0 (M(s)(2M(s) - 6 -t- Z))“Z ’ 
I f  we make the judicious choice of s indicated in Figure 8 we havr 
is,“” 
h(s) ds 
(M(4(2M(s) - b -}- Z))V 
(2.20) 
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where 
M(s) = b/2 - (42a)Z 
at the upper limit of the integral. Making the substitution t = 2&f(s) in (2.20) 
one easily checks that T(Z) is a smooth monotone function of Z. 
As a corollary of Proposition 2.7 we have 
PROPOSITION 2.8. The sef of periodic points of B is dense in 3X x (0, n). 
Proof. The periodic points of B correspond the values of Z for which T(Z) 
is rational. 
3. THE GENERALIZED BILLIARD BALL MAP 
We will derive the theorem of Section 1 from some general results on the 
spectral properties of manifolds with boundary. In this section we get together 
the material we will need to formulate these results. Let X be a compact, 
Riemannian manifold with boundary. For simplicity we will assume X is 
geodesicaIly convex though this is not absolutely necessary. Let Y be the set 
of pairs 
where n is the inward pointing unit normal to the boundary at x. We will define 
a map 
B:Y-+Y (3.1) 
which generalizes the billiard ball map of Section 2. Given (x, w) E Y let y be the 
unique geodesic having x and B as its initial position and direction, Since X is 
geodesically convex there exists a unique point x’ on 8X distinct from x where y 
again intersects the boundary. Let o’ be the direction of y at x’ and let V” be the 
reflected direction. (See Figure 9.) 
FIGURE 9 
We define B(x, w) = (x’, a”). We will prove 
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PROPOSITION 3.1. There is a canonical symplecticl form on Y which is B- 
inzlariant. 
~roc$ We will deduce this from a related resuh on the bicharacteristics of 
the wave equation associated to the Laplace operator of ;I: Let M be the 
manifold X x 88 and let N = 8X x R. Consider 
a/at2 - A (3.2) 
as a second order differential operator on M. Let (x, t, 6, T) be a point in T*N 
such that 
T>l[l (3.3) 
where 1 6 1 is the length of ,$ in the induced Riemann metric on the boundary. 
Then there exists a unique point, [ E T,*X, with the following three properties: 
(4 7 = I E I 
(6) [ 1 T, 8X - f  
and 
(c) <f,n> > 0. 
Let y(s) be the null-bocharacteristic of (3.2) (in T*M) with initial position 
(x, f, <, T), and let s’ be the first value of s after s = 0 where the projection of y(s) 
on M intersects N. Let y(s’) = (x’, t’, p, T) and Iet p = $’ 1 T,, 8X. The corre- 
spondence (x, t, 5, ) T + (x’, t’, E’, T) is a diffeomorphism, F, of the open subset 
(3.3) of T*N into itseIf. Let us denote the set (3.3) by FV. Clearly W inherits 
from T*N a canonical symplectic structure. 
PROPOSITION 3.2. F: W -+ W is a symplectic mapping. 
Pro$ See [fl, Proposition 2.4. 
WC will obtain a symplectic structure on Y from the symplectic structure 
on W by a construction which is by now fairly standard in symplectic geometry. 
For the moment Iet W be any symplectic manifold and f : W-+ aB a smooth 
function. Suppose 1 is not a critica value off, so that the energy surface,f = I, 
is a codimension one submanifold, W’ , of W. Let Hf be the Hamiltonian vector 
field associated with f .  Then the one-parameter group t 4 exp tH, gives us 
an action of R on WI . If the orbits, t ---f (exp tHf)(w), w E IV, are closed and 
non-recurrent, the orbit space, which we will denote by Y, is a Haussdorff 
manifold and 
QT: w,+ Y (3.4) 
1 This symplectic form is the pull-back of the canonical 2-form by E’ -+ T*X 1 8X -G* 
T*aX, the composite of the dual to the inclusion of aX and the Riemann isomorphism 
of TX and T*X. 
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is a principal R-bundle over Y. Let fJw be the symplectic two-form on Wand let 
Iz, be its restriction to WI. Since 
and since 9, is invariant under the R-action which we have just defined, there 
is a unique two-form G!r on Y such that n*Or = 52, , It is easy to check that 
!CJr is a two-form of maximal rank; so we have proved 
LEMMA 3.3. The Y occuring in (3.4) h as a canonical symplectic structure. 
In a moment we will prove Proposition 3.1 by applying this result to the 
manifold W of Proposition 3.2. Before we do so, however, we will discuss a 
“homogeneous” form of this result which we will need below. As in the paragraph 
above let W be a symplectic manifold, 9 a symplectic form and f  : W -+ R 
a smooth function. Suppose that D is the exterior derivative of a one-form 01 and 
suppose also that exp tH, preserves (Y. This amounts to the condition 
(Hf,ti) =f or <Hf , a> = 1 on W, . 
This condition together with the condition that exp tHf preserve cc says that CL 
restricted to W, is a colanectio~form on the principal R-bundle (3.4) so we have 
proved 
LEMMA 3.4. The fiber bundle (3.4) is a pyinc$al R-bundle with connection 
the cuyvatuye form of the connection being the symplectic form on Y. 
After this brief digression, let us come back to the proof of Proposition 3.1. 
Let W be the symplectic manifold occurring in Proposition 3.2, and let f be the 
function 
The one-parameter group generated by Hf is just the group of translations 
(ext sHf)(x, t, E, 4 = (x, t + s, E, ~1, 
so its orbits satisfy the hypotheses of Lemma 3.3. We let the reader convince 
himself that the manifold of orbits, Y, is identical with the manifold, Y, of 
Proposition 3.1. Let p be the symboI of the differential operator (3.2). The 
bicharacteristics of (3.2) satisfy 
(since p is independent of t); so along these bicharacteristics r is constant. This 
means that the map F: W-+ W of Proposition 3.2 preserves f, preserves W, and 
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preserves the fibration, W, + Y. Therefore, there is a unique sympIectic 
diffeomorphism B: Y -+ Y such that 
commutes. We let the reader convince himself that B is just the billiard ball map. 
This concludes the proof of Proposition 3.1. 
Remark. It is not hard to show that in [w” the construction we have just 
outlined gives us the symplectic structure (2.2). 
Let X as above be a compact, geodesically convex Riemannian manifold with 
boundary. By a periodic geodesic on X we will mean a closed piecewise smooth 
curve 
Y(t), 0 < t .< T (3.6) 
which is the union of geodesic segments, each segment parametrized by arc 
length, is smooth except at boundary points and at each boundary point, .2: E y, 
satisfies the usual law of reflection: the tangent vectors to the two geodesic 
segments which meet at x lie in a common plane with the normal and make 
equal angles with the normal. The common angle will be called the angle of 
rezection at x and the length of the interval, T, in (3.6) is calIed the period of y. 
There is a one-one correspondence between periodic geodesics on X and periodic 
orbits of the billiard ball map, periodic orbits of period n corresponding to 
geodesics which make n reflections which the boundary. We will use this fact 
to prove the following theorem. 
PROPOSITION 3.5. Let ys , 0 < s < q, b e a one-parameter family of closed 
geodesics de$ending smoothly on s. Then the period of ys is independent of s. 
Proof. Suppose each of the curves, yS , is comprised of n segments, Let x, be 
one of the points of intersection of ys with the boundary, x,~ being chosen to 
depend smoothly on S. Let wS be the incident tangent vector at x, . Then the curve 
s -+ (xs , WJ = ys E Y, O<s<a 
is B” invariant. Consider now the fiber bundle (3.4). By Lemma 3.4 x: WI -+ Y 
is a principa1 R-bundle with connection and IJJ in (3.5) preserves the connection, 
Let s ---t-+(s) be a horizontal lifting of the curve, s + y(s). Then s ---f p . J(S) 
is another horizontal lifting of this curve; so there exists a T in 1w such that the 
second curve is the T-translate of the first. It is easy to check that T is the com- 
mon period of the ys’s. Q.E.D. 
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4. SOME SPECTRAL INVARIANTS OF MANIFOLDS WITH BOUNDARY 
Let X be a compact, geodesically convex, Riemannian manifoId with boundary. 
Let K be a smooth function on 8X and let 
A, < A, Q A, < “- 
be the spectrum of the boundary problem 
(4.1) 
(4.2) 
be the spectrum of the boundary problem 
Au = Au, aujan = 0. 
Consider the sum 
x(t) = f cos (Apt 
i=l 
and the corresponding sum 
x0(t) = f cos (h$yQ. 
i=l 
Both these sums converge in Y’(iR) an so define distributional functions of 1. d 
In [I] it was proved: 
PROPOSITION 4.1. The singular support of x(t) is contained in the union of 
the set of periods of the periodic geodesics on X together with the set of periods of 
the periodic geodesics on 8-Y. The same is true of x0(t). 
Let T be a fixed real number. Suppose there exist no closed geodesics on 3s 
of period T and suppose that the set of all closed geodesics on X of period T 
forms a “nice” manifold (a notion we will make precise in a moment). Then 
from the asymptotic behavior of x(t), x,,(t) and the difference x(t) - x0(f) one 
can read off certain interesting geometric invariants of X and K. We will describe 
one such invariant in some detail. For simplicity lets suppose that all geodesics 
of period T have exactly tf points of reflection. We will make the following 
basic assumption: 
(*) The fixed point set of the iterated billiard ball map BI: Y + Y is clean. 
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(For notation see [4], Section 4.) This means among other things that the fixed 
point set is a manifold. Let Yr be the subset of the fixed point set consisting of 
points for which the corresponding geodesics are of period T. By Proposition 3.5, 
1-T is the union of connected components of the total fixed point set. In [4], 
Section 4, it was shown that the fixed point set of a sympIectic diffeomorphism, 
provided it is clean, is endowed with a canonical smooth measure. We will 
denote by u7. the canonical smooth measure on 2,. 
Given y  =-: (x, c) E Y let y  he the angle that ZI makes with the inward pointing 
unit normal to tiX at X. Consider the function, K/cos q, on Y. We claim 
'hOREM 4.2. With the hypotheses abowe, the distribution x(t) ~ x,,(t) admits 
an asymptotic expansion in fractional powers of t - T af t y  T and the leading 
term in this expansion has coeficient 
f 
Iqcos .qJ dur . (4.3) 
YT 
In particular (4.3) is determinable from the spectral data (4.1) and (4.2). 
In [q we proved this theorem under a somewhat stronger assumption on the 
fixed point set of 9, namely the assumption that the fixed point set of B” bc 
Lefschetz. The proof that the theorem is true when transversal intersection 
hypotheses are replaced by clean intersection hypotheses is very much Iike the 
proof of an analogous theorem of Duistermaat-Guihemin for manifolds without 
boundary, c.f. [4], Section 4-7. We will give the proof of theorem 4.2 elsewhere. 
Let us now come back to the case of main interest for us: ,rY a compact region 
in Rs with a non-circular elliptical boundary. To apply theorem 4.2 we need: 
PROPOSITKON 4.3. For the ellipse, E, the jixed point set of Bn: I’- I’ is 
clean. Let TO be the perimeter of E. Then on eoery interzlal mT,, - E < T < mT, , 
m an integer, there e.& an infinite nu.mber of T’s having the property that 2‘ is the 
period of a periodic geodesic. For all but a finite number of these T’s YT is the union 
of two level cu~vcs of the function 2 in Figure 7. These two iewl curves are mapped 
into each other b-v the reflection B --e r ~ 8. 
Proof. The map B’: Y - Y has just four fixed points: A, A’, B and B’ in 
Figure 7. It is easy to check directly that these fixed points are Lefshetz. That 
the fixed point set of B” is clean follows from Proposition 2.7. The fixed point 
set consists of A, A’, B and B’, if n is even, and in addition a finite number of 
level curves of the function Z. 
To prove that there are an infinite number of periods in the interval mT, - E < 
T < naT,, we make use of an old argument of Birkhoff’s. Clearly it is enough 
to prove this for m -- 1 because we can iterate to get M arbitrary. Let P, , PJ. ,..., 
P,. , be N points on E arranged in counterclockwise order as in Figure 10. 
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p3 
‘N-2 
a 
p2 
PN-r 1 
po 
FIGURE 10 
Then any maximum of the function 
corresponds to a periodic geodesic; for if we fix PO, PI ,..., PieI , Pi+l ,.,., P,, 
and vary Pf in the interval between Pi-, and P,,l it is clear that the maximum of 
(4.4) will occur at that Pi which maximizes 
Ip,-l--piI + Ipi--i+,I; 
so the lines joining Pi+l and Piml to P, must make equal angles with the normal 
at Pi . As we let N + co the period of the geodesic consisting of the line segments 
pp, , PIP2 ,*** and PNeIPo tends to To. This proves the first two assertions 
in Proposition 4.3, To prove the last part of the proposition we note that for 
every periodic geodesic, with one exception, there exists a geodesic with the 
same period and initial point P, = (0, VP) on E. (See Figure 11.) This follows 
FIGURE 11 
from the fact that every level curve of 2 in Figure 7 contains a point with 
angular coordinate s = -7r/2. Th e sole exception is the geodesic lying on the 
major axis of the ellipse corresponding to the points A and A’ in Figure 7. Now 
fix a small e > 0 and let B be an angle on the interval 0 < 0 < 8. Let us call 
0 admissible if the sequence of reflected line segments in Figure 11 with initial 
position PO and initiaI direction 8 returns to PO after making one circuit around E. 
By Proposition 2.2 the terminal angle 8,.-r in Figure 10 is equal to the initial 
angle; so the polygon 
y :=- P"Pl ... P,-,P" (4.5) 
is a periodic geodesic of period T, < To . We have already established that 
there are an infinite number of admissible points on the interval 0 e: 8 < C. 
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If 0 and 8’ are both admissible and 0 < 8’ < 0 < E the length of the polygon 
is a better approximation of T,, that is the length of the polygon (4.5); so TB < To,. 
On the interval E < 8 < T/Z there are only a finite number of admissible B’S; 
so all but a finite number of the r,‘s must be distinct. This proves the last part 
of the proposition for m = 1. The proof for m > 3 is similar. Q.E.D. 
Let uT be the measure occurring in formula (4.3). It is clear that any symplectic 
transformation of Y which commutes with B must preserve this measure; so in 
particular this is true of the one-parameter group of symplectic transformations 
generated by the Hamiltonian function Z. It follows that U, must be a constant 
multiple of the Leray measure (2.18). S’ ince the angle p in formula (4.3) is just 
the complement of the angle 19 in (2.18) we obtain as a corollary of Theorem 4.2: 
PROPOSITION 4.4. On eaery interaal b - t < Z < 12 there exist un infinite 
number of points, Z, such that the inte,oval of K/ sin B over the cume, Z = constunt, 
in Figure 7 is a spectral incariant. 
We will now prove our main result: 
THEOREM 4.5. Let k; and K2 be functions on E, both symmetric with respect 
to the ,youp of symmetries of E, and suppose the spectrums (4.1) are identical. Then 
AT1 z K-2 . 
Proof. Let K :m K, - k; . We wil1 first of all prove: 
LEMMA 4.6. K 2. 0 at thepoints (+al/z, 0) and (0, +blii) on E. 
Proof. The fixed points of B3 are Lefshetz and correspond to geodesics of 
period 2(u)l:” and 2(6)lr” respectively. The measure u%(,)~,~ is, up to a constant, 
just the sum of two delta functions concentrated at (al/“, 0) and (-al/“, 0); so, by 
Theorem 4.2, K(~‘ia, 0) -I- K(---all’, 0) = 0. Since K is symmetric with 
respect to reflection in they-axis we conclude that K = 0 at (&al/a, 0). Similarly 
K =: 0 at (0, +bil’). QED. 
Kow from Proposition 4.4 and formula (2.18) we obtain 
for an infinite number of points on the interval, b - E < Z < 6. Because of the 
symmetric properties of K, (4.6) implies: 
1 
VIZ K(s) h(s) ds 
‘U (2111(S) ~ (b ~ Z))1’2 = O* (4.7) 
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Now 2&!(s) is strictly increasing on the interval 0 < s < r/2 by formula (2.5) 
and at the end points, 2M(O) = b and 2M(71/2) = a. Let us make the change of 
coordinates, t = M(S), and set 
K1(t) = K(s) (2 g-l h(s). 
By Lemma 4.6 J&(t) is finite at t = a and t = b and from (4.7) we get 
for an infinite number of points, Z, in the interval 6 - E < 2 < b. Differen- 
tiating this expression k times with respect to Z and setting Z = b we get 
I a K,(t) t-“-lj2 dt = 0 h 
for all K. By Stone-Weierstrass, the functions t-“, k = 0, 1, 2,..., span a dense 
subset of C([a, 61); so we conclude that Kr - 0. We are done. 
5. SOME CONCLUDING REMARKS 
I. Let E be the elliptical region (1.1) and let 
pi:E’ E, i=l,2,3,4 
be the four symmetries of E. Let K1 and Ki be arbitrary smooth functions on E. 
In the course of proving Theorem 4.6 we actually proved a somewhat stronger 
result, namely: 
THEOREM. If ICI and K, have the same spectnms then 
jYl PTK, = 2 PTKZ . 
II. Theorem 4.6 is not true for the circular disk, for if ps is a rotation of 
the disk through angle 8, then K and pz.K have the same spectrums. It would, 
of course, be interesting to know if the spectrum (5.1) determines K up to a 
rotation. 
III. Let X be a convex region in R2 which is “sufficiently elliptical” in shape. 
Then one knows that the phase portrait for the billiard baI1 map, B: Y -+ Y, 
very much resembles the phase portrait sketched in Figure 7. The circles of 
periodic points in Figure 7 get replaced by isolated fixed points of B” but the 
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invariant circles on which B is conjugate to a sufficiently irrational rotation 
persist. One can show that the integrals of K/sin 19 over these irrational circles 
are spectral invariants, at least for sufficiently generic A’. One would like to know 
to what extent these integrals determine K. 
IV. Let X be an arbitrary convex region in W. The problem we have been 
concerned with here, namely the problem of determining K from the spectral 
data 
(A, Au = Au, %uji)n = Ku on 3X>, 
with X fixed, is rather closely related to the well-known problem of Mark ILK: 
to determine the shape of X knowing the Dirichlet spectrum 
Indeed, let X be fixed and let f  be a smooth function on SLY. Let pf: 8X + W 
be the map, x E LX + K + <f(x) n(x) wh ere n(x) is the outward normal at x. 
For E smaI1 enough the image of pF is a convex curve in [ws bounding a convex 
region, -‘i, . Let us suppose f  is everywhere positive so that XE 3 X. The 
condition that a function, U, on X6, smooth up to the boundary, vanish on the 
boundary is, to first order in l : 
This shows that the inverse spectral problem for the coefficient of elasticity of 
the boundary is a kind of linearization of the problem of Kac: ‘Can one hear 
the shape of a drum?“. 
V. The dynamical system which describes geodesic flow on the elliptic 
billiard table is a limiting case of the dynamical system which describes geodesic 
flow on the ellipsoid 
E’: x2/a -b y2/b + .9/c = 1, a>b>c; 
if we fix a and b and let c tend to zero, the geodesics on E’ tend to geodesics on E. 
Jacobi has shown that this dynamical system is completely integrabIe. Indeed, 
consider the one-sheeted hyperboloids in R3 which are confocal with E’. These 
hyperboloids cut out bands on E’ fohated by principal curvature lines. Over 
each of these bands, in the cotangent bundle of E’, is an invariant torus on which 
geodesic flow can be conjugated to a linear flow. The same is also true for the 
confocal double-sheeted hyperboloids. Proposition 4.4 turns out to have the 
following interesting analogue: 
PROPOSITION. Let d be theLuplace operator on E’ and let q be a smooth, real- 
zulued function on E’. Then, from the spectrum of d -+ q, one can determine the 
integral of ,Q over each of the hyperbolic bands described above. 
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APPENDIX 
In this appendix we prove the following classical theorem about ellipses. (See, 
for instance, Boscovich, Sectionum Conicarum Elementa, Section 1X4.) 
THEOREM Al. Let I& be an ellipse and E a confocal ellipse contained in I&. 
From any point p on EO draw the two lines 1 and 1’ from p which are tangent to E. 
Then 1 aHd 1’ make equal angles with the normal to E, at p. (See Figure Al.) 
FJCURE Al 
We first note that the theorem is true in the extreme case when the inner 
ellipse is just the line segment joining to two foci, (Figure A2). (Proof The sum 
of the distances 
FlGIlRE A2 
is constant; so as we vary P by moving P along the ellipse the first variation of 
(A.l) is zero; hence PF and PF’ make equal angles with the norma at P.) To 
prove the theorem we are therefore reduced to proving the following theorem: 
THEOREM A2. In Fipe A3 the angles 0 and 8’ are equal. 
P 
e 9 
b 
6 
F F’ b’ 
FIGURE A3 
EI.I.Il”l~ICAL REGIONS IN R” 147 
\Vc will prove that Theorem A2 is a consequence of: 
THEOREM A3. In F&we A4 IRe angles in and ~2 are equal. 
P 
& 
a a’ A’ 
1 
F a’ 
FlCURE A4 
Proof that Theorem A3 + Theorem A2. Look at Fig. 5. PA’ bisects the 
angle LFA’X (the special case of Theorem Al proved above) and PF’ bisects 
the angIe LAF’A’ (Theorem A3), therefore, 
Similarly, I-FPA = &I’-AOF. Thus LFPA = LF’PA’. QED. 
P 
A 
A 
A 
X 
A’ 
F O F’ 
1-A’ A’ 
FIGURE AS 
We are reduced to proving Theorem A3. This is easy however. In Figure A5 
delete everything but the quadrilateral, FAF’A’. (See Fig. A&) The two sides 
adjacent to A in this quadrilateral have the same total length as the two sides 
F F’ 
FIGURE A6 
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adjacent to A’; so we can inscribe a circle in this quadrilateral as indicated. 
The center of this circle, P, is precisely the point of intersection of the tangents 
from A and A’. 
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